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Using first-principles method, we calculate the electronic band structure of biaxially strained silicon, from 
which we analyze the change in electron and hole effective mass as a function of strain and determine the 
mobility of electrons and holes in the biaxially strained silicon based on Boltzmann transport theory. We found 
that electron mobility increases with tensile strain and decreases with compressive strain. Such changes are 
mainly caused by a strain-induced change in electron effective mass, while the suppression of intervalley 
scattering plays a minor role. On the other hand, the hole mobility increases with both signs of strain and the 
effect is more significant for compressive strain because the hole effective mass decreases with compressive 
strain but increases with tensile strain. The strain-induced suppression of interband and intraband scatterings 
plays also an important role in changing the hole mobility.
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I. INTRODUCTION
As silicon (Si) devices are rapidly approaching their 
physical and geometrical limits, various different solutions 
have been sought to overcome these limits, in order to main­
tain the downscaling trend articulated by Moore’s law. There 
are two different approaches; one by strain engineering and 
material innovation (such as new materials for interconnect 
and gate) within the current paradigm of complementary 
metal-oxide-semiconductor (CMOS) technology and the 
other by different inventions beyond CMOS technology1-4 
such as molecular electronics and spintronics.5'6 The key 
strategy by strain engineering is to use strain to increase 
the carrier mobility in Si.1-4 It has been shown that tensile- 
strained Si (e-Si) grown on relaxed Si^Gej. virtual sub­
strates exhibits an electron mobility enhancement of 1.8-2.0 
times.7-9 The hole mobility in Si can be enhanced by 
a factor of 2 (Refs. 10 and 11) on the (001)/{110) 
p-type metal-oxide-semiconductor field-effect transistors 
(p-MOSFETs) with 2 GPa uniaxial stress.
The importance of strain engineering in Si devices has 
also stimulated many theoretical studies.12-23 However, our 
understanding of the strain effect on carrier mobility in Si is 
still far from complete. The theoretical calculation of carrier 
mobility requires the knowledge of accurate electronic band 
structures. Current methods of calculating band structures in 
strained systems include the k p  method,13-18 tight-binding 
(TB),19-20 empirical pseudopotential (EPM) (Ref. 21), and 
first-principles quantum mechanics22'23 methods. The carrier 
mobilities are usually calculated by using the band structures 
obtained from the semiempirical methods, with good effi­
ciency but poor accuracy. Recently, Dziekan et al,23 at­
tempted to combine more accurate first-principles band 
structures with Boltzmann transport equations to calculate 
the electron mobility in strained Si based on a constant 
relaxati on - ti me approx i mati on.
In this paper, we report calculations of both electron and 
hole mobility in biaxially strained Si by combining first- 
principles band-structure and Boltzmann transport theories 
without using the constant relaxati on-time approximation.
We take into account the change in relaxation time as a func­
tion of strain. We find that the assumption of constant relax­
ation time is a reasonably good approximation for calculat­
ing electron mobility in Si but a rather poor approximation 
for calculating hole mobility. This is because there is a large 
change in hole relaxation time due to the strain-induced sup­
pression of interband and intraband scatterings. In general, 
tensile strain will increase both electron and hole mobilities; 
compressive strain will decrease electron mobility but will 
increase hole mobility. The carrier mobility is affected by the 
strain-induced change in electron and hole effective masses, 
while the hole mobility is also affected by the strain-induced 
suppression of interband and intraband scatterings.
II. CALCULATION METHODS
We first carry out a systematic study of the band struc­
tures of bulk Si under biaxial strain, as indicated in Fig. 1(b), 
using first-principles methods based on density-functional 
theory. From the band structures, we calculate the effective 
masses of electrons and holes at the valence- and 
conduction-band edges and the band-splitting energies. Then 
we calculate the carrier mobility of electrons and holes as a 
function of strain using Boltzmann transport theory. For the 
calculation of Si band structures, we use a two-atom primi­
tive cell. In applying the biaxial strain, the cell is strained 
equally in the x and y directions to the desired amount and 
allowed to relax fully in the z direction [see Fig. 1(b)]. The 
atomic positions are relaxed and optimized until the forces 
on each atom become smaller than 0.001 eV/A. We use 
projected augmented wave (PAW) potentials within the 
local-density approximation with a plane-wave cut-off en­
ergy of 400 eV, as implemented in the Vienna ab initio simu­
lation package (vasp).24 To consider the spin-orbit interac­
tion, we perform relativistic calculations to get very accurate 
band structures. We use a (10 X 10 X 10) mesh of k points in 
the scheme of Monkhorst-Pack25 for the Brillouin-zone sam­
pling. The method for calculating effective mass and carrier 
mobility will be presented in Sec. III.
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FIG. 1. (Color online) Si conduction- and valence-band structures as a function of biaxial strain, (a) The six Si conduction-band valleys 
along three different directions are equally populated without strain; (b) schematics of bulk Si under biaxial tensile strain; (c) under tensile 
strain, the valleys are split into two groups. Electrons tend to populate the lower A2 valleys than the higher A4 valleys; (d) and (e) show the 
three top valence bands near I’ point for the strain-free and 1.5% biaxial tensile-strained Si, respectively.
III. RESULTS AND DISCUSSION
In strain-free bulk silicon, the conduction-band minimum 
consists of six equivalent A6 valleys [Fig. 1 (a)]. Under biax­
ial strain, the A6 valleys are split into two groups: four in­
plane A4 valleys and two out-of-plane A2 valleys [Fig. 1(c)]. 
The top three valence bands of Si at the F point are bands of 
heavy hole (HH), light hole (LH), and spin-orbit split-off 
(SO) hole, with HH and LH degenerate with each other and
SO lying 44 meV below [Fig. 1 (d)]. Under biaxial tensile or 
compressive strain, the valence bands become highly aniso­
tropic and the crossover between bands happens [Fig. 1(e)]. 
Consequently, the designation of LH, HH, and SO bands 
loses its original meaning. To avoid confusion, we will al­
ways refer to the top three valence bands as LH, HH, and SO 
in the order of descending energy, respectively.
Figure 2 shows the Si conduction- and valence-band-edge 
energies as a function of applied biaxial strain. For conduc­
tion bands, the energy levels of both groups of A2 and A4 
conduction-band valleys change linearly with strain, decreas­
ing with tensile strain and increasing with compressive 
strain. Under tensile strain, the energy of the out-of-plane A2 
valleys is lowered relative to that of the A4 in-plane valleys. 
The compressive strain, however, does the opposite. The en­
ergy splitting AE between these two groups of valleys is 162 
meV per 1 % tensile or compressive strain, in agreement with 
previous band-structure calculations.26 For valence bands, 
strain induces a splitting between the LH and HH bands. 
Similar to the conduction bands, a tensile strain causes the 
energy levels of all three valence bands to decrease while a 
compressive strain increases their energy levels. Moreover,
under tensile strain, the energy difference between HH and
SO bands remains almost constant, while the energy differ­
ence between HH (or SO) and LH increases with the increas­
ing strain. Under compressive strain, the energy difference 
between LH and HH is almost constant, while the difference 
between HH (or LH) and SO increases with strain.
The effective mass of electrons or holes is obtained using 
a parabolic band model at the bottom of conduction-band 
valleys or at the top of the valence bands by a parabolic 
fitting to the band dispersion of E vs k along different direc­
tions around the conduction-band minimum (electrons) or 
valence-band maximum (holes). The conduction-band valley 
has an ellipsoidal shape and the electron effective mass can 
be characterized by one longitudinal and two transverse
Strain (%)
FIG. 2. (Color online) Change in Si conduction- and valence- 
band edges as a function of biaxial strain.
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TABLE I. Effective masses for electrons (e). heavy holes (hh). light holes (Ih). and spin-orbit split-off (so) holes (in units of the electron 








This work 0.95 (m,) 0.19 (m,) 0.22 0.36 0.66 0.22 0.17 0.13 0.22
a 0.96 (mt) 0.16 (m,) 0.26 0.54 0.67 0.18 0.14 0.13 0.22
b 0.92 (mt) 0.19 (m,) 0.23
c 0.46 0.53 0.56 0.17 0.16 0.16
d 0.43 0.43 0.27 0.19 0.24
“Reference 22. first principles. 
hReference 27. experimental values. 
‘Reference 28. experimental values. 
‘'Reference 29. experimental values.
masses. In Table I, we list the calculated effective masses of 
electrons and holes for bulk silicon in comparison with pre­
vious first-principles calculations and experiments. The spin- 
orbit split hole mass is isotropic in all k directions and is 
therefore listed as one value. In general, our results are in 
good agreement with the previous calculations.22 In compari­
son to experimental results,27-29 the general agreements are 
veiy good except that the heavy-hole masses along the (100) 
and (110) directions are underestimated by our calculations.
Under biaxial strain, the effective masses of both elec­
trons and holes change noticeably. In the A2 valleys, we have 
two typical masses: the (001) longitudinal and the degenerate 
(100) and (010) transverse masses. In the A4 valleys, how­
ever, there are three typical masses: the degenerate (100) and 
(010) longitudinal, the degenerate (100) and (010) trans­
verse, and the (001) transverse masses, in accordance with 
their respective symmetries along the in-plane or out-of­
plane directions. In Fig. 3, we plot the longitudinal and trans­
verse electron masses as a function of strain. It shows a 
linear relationship consistent with a recent first-principles 
study.23 The electron effective mass varies less than 3% 
within the range of 1.5% applied strain.
Next, we calculate the electron effective mobility mass by 
considering contributions of the electron effective mass from 
each of the individual valleys as obtained above. The relative 
population of electrons in each valley is calculated as
/ 2irm*,kBT y 12 ( 




where me=\!m m m is called the electron-density-of- 
states mass, which is the mean effective mass averaged over 
effective mass along different directions. mL, mTl, and mT1 
are longitudinal and transverse masses in the valley. kB is the 
Boltzmann constant, T is absolute temperature, h is the 
Planck constant, E is the minimum energy of each valley, 
and Ej- is the Fenni energy.
The in-plane effective mobility mass along the x direction 
can then be calculated as
1/ < "  =  O! 10(/7H100 + W01(/,H010 + w00l/,H00l)/(w100 + w010
+ H()oi)> (2)
where «ioo>woio>woio are the population of electrons in the 
(100), (010), and (001) valleys, respectively, m^)0 is the lon­
gitudinal mass along the x axis in the (100) valley, ;hJ[0 is the 
transverse mass along the x axis in the (010) valley and 
is the transverse mass along the x axis in the (001) valley. 
Due to the crystalline symmetry under strain, the (100) and 
(010) directions are equivalent so that the in-plane effective 
mass along the v direction m\, is equal to m\ , but the out- 
of-plane mass along z direction is different. The effec­
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FIG. 3. (Color online) Electron effective mass as a function of biaxial strain, (a) The longitudinal mass, (b) The transverse mass.
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FIG. 4. (Color online) (a) Comparison of Si in-plane and out-of-plane electron effective mobility masses at 300 K as the function of 
biaxial strain, (b) Same as (a) for electron mobility obtained with (open symbols) and without (filled symbols) the constant relaxation-time 
approximation.
a function of strain. The in-plane mobility mass decreases 
with tensile strain and increases with compressive strain, 
while the out-of-plane mobility mass has the opposite behav­
ior. We note that although strain induces a minimal change in 
the individual effective electron mass within each valley, we 
still see a rather large change in the overall effective mobility 
mass. This is because strain has greatly changed the relative 
population of electrons among two groups of different val­
leys.
Given the electron mobility mass (m) in a valley, we then 




where e is the charge of electron, and r is the relaxation time 
having contributions from both intravalley and intervalley 
phonon scatterings. For intravalley scattering, where only 
acoustic-phonon scattering involving a small change in wave 




The intervalley phonon-scattering rate (both /  and g types) 
can be calculated by
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The density of states is calculated as
In Eqs. (4)-(8), DA is the effective acoustic deformation po­
tential, h is the reduced Planck constant, p is the silicon 
density, ut is the longitudinal-acoustic velocity, Dif is the 
intervalley effective deformation potential, ftaty- is the inter­
valley phonon energy, N is the Bose-Einstein distribution 
function, /  is the Fermi-Dirac distribution function, Zf is the 
number of available final states for the intervalley scattering, 
m* is the density-of-states mass, and a  is the nonparabolicity 
parameter. The sum for the intervalley scattering rate in Eq. 
(6) accounts for both g and /  types of scattering between 
valleys. Table II lists the values of all the parameters used in 
the calculation of relaxation time. Notice that in our calcula­
tions, we found that the effective acoustic deformation po­
tential (Dyi) value (9.9 eV) in the literature12 is too large to 
reproduce the correct electron mobility in strain-free bulk Si, 
so we choose a smaller value of 7.8 eV.
In Fig. 4(b) we plot the electron mobility as a function of 
strain, as obtained by the weighted average over electron 
mobility in each valley. In strain-free Si, the electron mobil­
ity is calculated to be —1500 cm2/V s, in very good agree­
ment with the experimental value.31 The in-plane electron 
mobility can increase by up to 33% with a +0.5% tensile 
strain and decreases by as much as —20% with a -0.5% 
compressive strain, but further increase in tensile or com­
pressive strain beyond 0.5% will no longer affect the in­
plane electron mobility. In contrast, the out-of-plane electron 
mobility decreases with tensile strain and increases with 
compressive strain. We can estimate the relative contribution 
to the change in electron mobility from the change in effec­
tive mobility mass or the suppression of phonon scattering. 
Figure 4(b) shows that the results obtained with or without 
the constant relaxation-time assumption are very close to 
each other, indicating that the electron relaxation time is not 
sensitive to strain. Since the relaxation time is determined by 
the phonon-scattering rate, these results also indicate that the 
suppression of intervalley phonon scattering due to the 
strain-induced band splitting (between the A2 and A4 bands) 
is not significant and the strain-induced reduction in effective
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TABLE II. The parameters used in the carrier mobility calculations.
Oa O0 hco0 P u, a
(eV) (10s eV/cm) (eV) (g/cm3) (105 cm/s) (eV-1) Cu
Electron 7.8 2.33“ 9.0“ 0.5“
Hole 7.12b 13.24b 0.06121 2.33“ 9.0“ 0.5“ 0.5°
A/-J hto,f J
Electron interval ley scattering (10s eV/cm) (eV)
g type 0.5 0.012 (TA)
0.8 0.019 (LA)
11.0 0.061 (LO)
/  type 0.3 0.019 (TA)
2.0 0.047 (LA)
2.0 0.059 (LA)
“Reference 17, first principles. 
bReference 18, experimental values. 
'^Reference 13, experimental values. 
‘’Reference 12, experimental values.
mobility mass must have played a dominant role.
Figure 5 shows the LH, HH, and SO hole effective masses 
as a function of strain. In contrast to the linear change in 
electron effective mass, the hole effective mass changes 
much more dramatically with strain. Because we are mostly 
interested in the mobility along the in-plane (100) or out-of­
plane (001) direction, only the hole mass changes along 
those two directions are shown. In the (100) direction, the 
LH mass first increases quickly to about 10% when the ten­
sile strain is increased to —0.5% and then starts to decrease 
slightly with further increase in strain. When compressive 
strain is applied, the LH mass initially undergoes a quick 
drop and then increases slowly with further increase in strain. 
The HH mass drops sharply with the initial application of 
tensile strain and then decreases slowly with further increase 
in strain. Under compressive strain, the HH mass also in­
creases sharply with the initial application of strain and then 
starts to decrease. The careful examination of the HH and 
LH mass changes with enough data points near the zero 
strain shows that their changes are continuous. At the start of 
either type of strain, one mass is pushed up and another mass
is pushed down. The sharp change we see across zero strain 
in the figure is due to the band crossover, as shown in Fig. 
1(e). The SO mass decreases with increasing tensile strain 
and increases with increasing compressive strain. The hole 
effective mass in the (001) direction shows an exactly oppo­
site trend of change with strain in comparison to that in the 
(100) direction.
Using the same approach as for electron effective mobil­
ity mass, we have calculated the in-plane and out-of-plane 
effective hole mobility masses. Figure 6(a) shows that under 
tensile strain, the in-plane hole mobility mass first increases 
until strain is ~ +0.5% and then starts to decrease. The initial 
increase is due to the band splitting which causes most of the 
holes to occupy the LH band with a heavier mass than they 
were in the HH and SO bands. As strain further increases, the 
hole mass in the LH band decreases and the overall effective 
mass starts to decrease. When compressive strain is applied, 
the in-plane effective hole mass decreases until reaching 
90% of its strain-free value; the out-of-plane effective mass 
shows an opposite trend.
(b) Strain (%)
FIG. 5. (Color online) (a) In-plane hole effective mass as a function of biaxial strain, (b) Out-of-plane hole effective mass as a function 
of biaxial strain.
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FIG. 6. (Color online) (a) The total hole effective mobility mass as a function of biaxial strain, (b) Same as (a) for hole mobility obtained 
with (open symbols) and without (filled symbols) the constant relaxation-time approximation.
For device applications, we are more concerned with hole 
mobility. It is generally agreed that the electron mobility will 
increase under tensile strain. Device fabrications would be 
simplified if hole mobility is also increased with tensile 
strain. However, so far the effect of biaxial tensile strain on 
hole mobility remains controversial. While some earlier 
experiments32”34 report hole mobility enhancements with bi­
axial tensile strain, more recent reports3;,“37 show that the 
hole mobility tends to decrease under tensile strain. On the 
other hand, the hole mobility seems always to increase under 
compressive strain.3-4-36 Figure 6(b) shows our calculated 
hole mobility as a function of biaxial strain. The hole mobil­
ity calculations follow similar procedures as used for elec­
tron mobility calculations. In our calculations, we consider 
both intraband and interband acoustic- and optical-phonon 








ry JD(E ■+• h io0)Gjj.
(10)
Here, G,-,- is the overlap integral, D0 is the effective optical 
deformation potential, and hw0 is the optical-phonon energy. 
The other parameters have the same meaning as that for elec­
trons and the values for the parameters are listed in Table II.
Under strain-free conditions, the predicted hole mobility 
in bulk Si is about 434 cm2/V s, in good agreement with the 
experimental value of ~450 cm2/V s.38 Our calculations 
show that the hole mobility increases with both compressive 
and tensile strains, with a larger increase under compressive 
strain than under tensile strain. One previous theoretical cal­
culation using the k p  method17 also predicted the increase 
in hole mobility under both types of strain but instead 
showed a larger enhancement under tensile strain different 
from our results. This difference might be caused by a less 
accurate band structure used in their calculations.
Quantitatively, our calculations show that under tensile 
strain, the in-plane mobility [solid squares in Fig. 6(b)] first
increases by ~40% with a small strain of 0.125%. It then 
slightly decreases and increases again with further increase 
in strain, in correlation with the change in in-plane effective 
hole mass [Fig. 6(a)], The out-of-plane mobility (solid circle) 
increases even more, steadily up to 200% at +1.5% of strain. 
Under compressive strain, the in-plane hole mobility first 
quickly jumps by ~50% up to the point of -0.25% strain 
and then increases slowly with further increase in strain. The 
out-of-plane mobility increases less by ~30%' in the range of 
strain from -0.25% to -1.5%. The careful examination of 
enough data points also shows the mobility changes continu­
ously as the strain approaches zero; it increases sharply to 
about 635 cm2/V s (by extrapolation) with the addition of 
either type of strain. This is due to the sharp change in ef­
fective mass as shown in Fig. 5.
In Fig. 6(b), we also plot the hole mobility change with 
strain obtained using the constant relaxation-time approxi­
mation (open squares and circles). By comparing the mobil­
ity enhancement with and without this approximation, it is 
clear that the hole mobility increase is mainly due to the 
suppression of interband and intraband scatterings. The 
larger increase in in-plane mobility at compressive strain is 
due to the decrease in effective mobility mass. The increase 
in effective mobility mass under tensile strain slightly can­
cels the effect of suppression of phonon scattering and re­
sults in a smaller increase in in-plane hole mobility. Our 
prediction is different from that calculated using the k-p 
method,17 which predicts that hole mobility is more en­
hanced under a tensile strain. We note that our calculations 
also predict a hole mobility enhancement under tensile strain, 
in disagreement with some experimental results.3>"37 This 
disagreement may be attributed to the quantum confinement 
effect. In the experiments, within the narrow channel region, 
the strong quantum confinement effect20 may already induce 
the band splitting under strain-free conditions and the inter­
band and intraband scatterings are suppressed. With the ad­
dition of tensile strain, the contribution from suppression of 
phonon scattering becomes less significant and the increase 
in effective mobility mass becomes dominant. Therefore, the 
hole mobility may be lowered with a tensile strain.
Our calculation results can be used in the study of carrier 
mobility in strained nanostructures, such as Si/Ge 
nanotubes,39 Si nanowires,40 and Ge island-stressed Si
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FIG, 7, (Color online) The hole mobility variation in a 25-nm- 
thick Si membrane strained by Ge islands (nanostressors) on both 
sides of the membrane, (a) Cross section of the strain distribution in 
the Si membrane and Ge islands and (b) cross-section modulation 
map of the hole mobility enhancement in the Si membrane,
membranes,41 when quantum confinement effects are not 
significant.42 Figure 7(a) shows a section of the Ge island- 
decorated Si membrane 25 nm thick. Due to the lattice mis­
match between Ge and Si, a biaxial tensile strain is generated 
in Si membrane, which varies with location in the mem­
brane. In Fig. 7(b), we plot the hole mobility enhancement 
distribution inside the Si membrane using the strain depen­
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In conclusion, we have performed a systematic study of 
electronic properties of biaxially strained silicon and the ef­
fects of strain on charge carrier mobility using first-principles 
band-structure and Boltzmann transport theories. Our study 
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